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Small Primes And The Tau Function
N. A. Carella
Abstract : This note shows that the prime values of the Ramanujan tau function τ(n) =
±p misses every prime p ≤ 8.0× 1025.
1 The Result.
The Fourier coefficient of the discriminant function
∆(z) =
∑
n≥1
τ(n)qn = q − 24q2 + 252q3 − 1472q4 + · · · , (1)
where z ∈ C is a complex number in the upper half plane, q = ei2piz , is known as the
Ramanujan tau function. The classification as a level N = 1 and weight k = 12 , and
other information appears in [3]. The prime values of the tau function τ : N −→ Z is a
topic of interest in many papers. The first prime value
τ
(
2512
)
= −80561663527802406257321747 (2)
was discovered by Lehmer in [2]. About half a century later, many other prime values have
been discovered by many authors. The authors in [4] extended the numerical works of
Lehmer and other authors to the range of integers n ≤ 10600, and beyond. But it remains
unknown if τ(n) has small prime values for some extremely large integers n ≥ 1. A very
recent paper has proved that
τ (n) 6= ±3,±5,±7,±691, (3)
see [1, Theorem 1.1]. This note offers a simpler proof, and extends the range of primes
missed by the Ramanujan tau function.
Theorem 1.1. Let p < τ(2512) be a prime, then τ (n) 6= ±p.
Proof. Let p ≤ 8.0 × 1025 < τ(2512) be a fixed prime. The verification that
τ (n) = ±p (4)
has no solutions n ∈ N splits into two cases.
Case I. Small Solutions n ≤ 10600. By Theorem 2.1, the prime values τ(n) = ±p require
integers of the form n = qr−1, where q ≥ 3 and r ≥ 3 are primes. By the numerical works
in [2] and [4, Table 2] for the range q ≤ 106 and r ≤ 100, it follows that equation (4) has
no small integer solutions n ≤ 10600.
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Case II. Large Solutions n ≥ 10600. Assume that equation (4) has a large solution. By
Theorem 2.2, there exists a large constant c > 0 such that
|τ (n)| ≥ (log n)c (5)
≥
(
log 10600
)c
≥ 1381c.
In particular, for the small bounded subset of primes, it reduces to
8.0 × 1025 ≥ p (6)
= |τ (n)|
≥ 1381c.
But, this is false for any constant c ≥ 9. Hence, equation (4) has no large integer solutions
n ≥ 10600.

2 Foundation.
The form of the integers n required for odd and prime values of the function τ(n) was
initiated in [2]. A complete and simplified version was derived in [4].
Theorem 2.1. ([4, Theorem 1]) Let n ≥ 1 be an integer such that τ(n) is an odd prime.
Then, n = qr−1, where q ≥ 3 and r ≥ 3 are primes, and p ∤ τ(p).
The Deligne theorem claims the upper bound
|τ (p)| ≤ 2p11/2, (7)
and the Atkin-Serre conjecture claims the lower bound
|τ (p)| ≥ p9/2−ε, (8)
where ε > 0 is an arbitrary small number. A weaker, almost trivial, but unconditional
lower bound is given by the next result.
Theorem 2.2. ([5, Theorem 1]) There exists a large effectively computable constant c > 0
such that for all nonnegative integers n for which τ(n) is odd, then
|τ (n)| ≥ (log n)c. (9)
The large and effectively computable constant, using Matveev theorem or similar method,
is known to be significantly larger than c > 106. Jointly, these results satisfy the inequal-
ities
(log n)c ≤ p9/2−ε ≤ |τ (p)| ≤ 2p11/2. (10)
Some information on for the first few prime values are tabulated below.
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Table 1: Smallest Prime Values of τ(n)
τ(n) Number of Decimal Digits τ(n) Number of Decimal Digits
τ(2512) 26 τ(6772) 32
τ(9712) 33 τ(9832) 33
τ(474) 37 τ(1974) 50
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